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O ' Abstract 

We dimensionally reduce the four-derivative corrections to the parity-conserving 
^^ ■ part of the D9-brane effective action involving ah orders of the gauge field, to obtain 

jy-^ , corrections to the actions for the lower-dimensional Dp-branes. These corrections in- 

OO i volve the second fundamental form and correspond to a non-geodesic embedding of 

the Dp-brane into (flat) ten-dimensional space. In addition, we study the transfor- 
f^ . mation of the corrections under the Seiberg-Witten map relating the ordinary and 

non-commutative theories. A speculative discussion about higher-order terms in the 

derivative expansion is also included. 

^- 1 Introduction 



D-branes IQ play a central role in current research in string theory. Many aspects of D-brane 
physics can be analyzed within the context of the effective field theory living on the D-brane. 



;_, ■ The action for this field theory is well understood for a single D-brane and slowly varying 



fields . Some of the higher-order corrections in a derivative expansion are also known for a 
brane propagating in a flat supergravity background P, ^ and also for propagation in curved 
backgrounds f^, |^. In this paper we study some aspects of the derivative corrections to the 
(abelian) effective action for a D-brane propagating in a flat background. 

In the next section we dimensionally reduce the recently determined expression for the 
four- derivative corrections to the parity-conserving Born-lnfeld part of the D9-brane action, 
obtaining corrections to the actions for the lower- dimensional Dp-branes. We show that the 
part of these corrections involving only the transverse scalars can be written in terms of the 
second fundamental form as required on general grounds. The resulting expression is shown 
to agree with a previous result in the literature ^ . 

In section ^ the transformation properties of the derivative corrections to the D-brane 
action under the Seiberg-Witten map [0] are studied. Earlier work on this topic can be found 

^Research supported by DOE grant DE-FG02-92ER40706. 



in [§, ^ |T0|, |Tl|]. We begin by briefly discussing the zeroth-order terms in the derivative 
expansion (including the fermions and the transverse scalars) and their invariance under the 
Seiberg-Witten map. We then introduce some general terminology which will facilitate the 
later analysis and discuss the properties of manifest invariants under the Seiberg-Witten 



map. These results are then applied to the recently proposed expression |T2[ for the two- 
derivative corrections involving all orders in F to the action for a D-brane in the bosonic 
string theory. We conclude the section by showing that the subset of the four-derivative 
corrections to the parity-conserving Born-Infeld part of the D9-brane effective action which 
gives rise to the corrections discussed in section ^ upon dimensional reduction are invariant 
under the Seiberg-Witten map, and briefly discuss how the rest of the terms might modify 
this result. Recently, the Seiberg-Witten map has been constructed to all orders in the non- 



commutativity parameter |T^. We will not make use of these results in this paper, although 



we will comment briefly on them in later sections. Even more recently some aspects of the 
transformation properties of the derivative corrections to the D9-brane action under the 



Seiberg-Witten map have been studied |14|. There is some overlap with our work; however. 



we work to all orders in the gauge field strength but to first order in the non-commutativity 



parameter, whereas in |14] the results are obtained by working to all orders in the non- 



commutativity parameter but order by order in the gauge field. The two methods are thus 



complementary, although for some applications the approach in [|T4| appears to be more 
powerful. 

Finally, section ^ contains a speculative discussion about derivative corrections beyond 
the fourth order. In particular, we propose a formula connecting the derivative corrections 
to the Wess-Zumino term to derivative corrections to the Born-Infeld part. A few tests of 
this relation are successfully performed. 

2 D^-brane actions: non-geodesic embeddings 

In ^ we calculated some corrections to the parity-violating Wess-Zumino term for the D9- 
brane action. These corrections were dimensionally reduced leading to corrections for the 
lower-dimensional Dp-branes, and it was shown that the part of the Dp-brane action involving 
only the transverse scalars obtained that way correctly reproduces previously known results 
in the literature |0. In this section we will discuss the form of the four-derivative corrections 
in lower dimensions obtained by dimensional reduction of the parity-conserving part. For 
simplicity we will set the gauge field in the lower dimension to zero, thus retaining only 
the transverse scalars. On general grounds one expects that the resulting action should be 
expressible in terms of the second fundamental form, and we will find that this is indeed the 
case. 

We will label ten-dimensional indices by M, N, . . ., world- volume indices by /i, z^, . . ., and 
indices for the transverse (normal) directions i,j,.... There is a general theory describing 
the embedding of a Dp-brane into fiat ten-dimensional space. The embedding is described 
by the objects d^Y^'^ , which span a local frame of the tangent bundle and the C,m which play 
a similar role for the normal bundle (see e.g. for further details). World- volume indices 
are raised and lowered with the induced metric gfj^u = ^MNd^jY'^dyY^ . Transverse indices 



are raised and lowered with Sij and ten-dimensional indices with 5mn- The fundamental 
quantity describing the embedding is the second fundamental form, Qff^, defined as the 
covariant derivative of dfj_Y^ , i.e. 

nf,i = D.d.Y''' = d^d^Y'' - Vr^^^dxY^' , (2.1) 

where Fp is the connection constructed from the induced metric. It is straightforward to 
show that nf;i = {6fJ-dxY^'^g^PdpY^5KL)df,d^Y^ =: Pl^d^d^Y^, where P/^ is a projection 
matrix, P^^P^ = P^^ . The projection of ^^^ ^v onto the tangent bundle vanishes, so it is 
sufficient to consider its projection onto the normal bundle, VL\i, := ^\jVL^'^ fj,^. The following 
relation is also useful, ^M^N^ij — Pmn- When comparing with the dimensional reduction 
of the D9-brane action, we will use the static gauge in the lower dimension: Y^ = x^ and 
Y^ = X'{x). 

The parity-conserving part of the action for a D9-brane propagating in flat ten-dimensional 
space, correct up to four derivatives (order a'^ in our conventions^) is given by [Q 

+ 2«- ■* ^h ^ ^Sp^p^Sp^pJ] , (2.2) 

where hp^y = Spu + Fpi,, W^ is its inverse {h'^''hy\ = 5^) and h is short-hand for det{hpi,). 
Furthermore, 

and Sp-^p^ := h^^^^'^Sp^p^p-^p^. Below we will also use the notation h^^ = |[/i^'^ + h^^^] and 
^'a ~ kl^^'^ ~ h^^]. We have written the above action in euclidian space; the transition to 
lorentzian signature is straightforward. 

Performing the dimensional reduction starting from the action ( ^.2| ) turns out to be rather 
cumbersome, as the lower-dimensional result can not immediately be rewritten in terms of 
Vf^ pu- It turns out to be easier to first rewrite the action in a more convenient form and then 
reduce. When rewriting the action we ignore all terms which are proportional to the lowest 
order equation of motion 

= dpiVhh'Xn = -h'^'^hfdpF.s , (2.4) 

since such terms can be removed by field redefinitions. We also remove all terms which 
vanish identically upon dimensional reduction when the gauge field in the lower dimension 
is set to zero. With these restrictions the action ( p.2|) can be rewritten, after integrations by 
parts, as 

- Tg I d'\ Vh[l- ^(/i - 2/2 + /3 + 4/4)] , (2.5) 



^Our conventions are such that the (dimensionless) field strength 2TTa'F (which we will denote F) is of 
zerotli order. This makes the expansion in derivatives an expansion in a' . 



where 

11 — Ug Ibg ILg Ibg [Up^Up^r ^^^^ ^ Z,Up^ry^^\j^^lb^ ^p2-'^ p.2\V2 ^{pi^ p2)yi"'A '^1'2-'^^M1A«2J 

X[Op^Op^rp^fj_^ + ZOp^ryp_^\y^ilj<^ Op^r p_^-\,y^ — (J{pz^ pa)u3'I'A Cjy^r^^^^J 

T _ UPlP4l^fi2fi3VPlp2Vp3P4l^UlU3iU2U4f) Tp P) W Fl P Fl P 

±2 — iig Ug ibg ibg ibg ibg Up^r p^^y^Up^r p^^y^Up^r p^^^,j^Up^r p^^y^ , 

T _ UP■l^J■2l,^^3lJ.4l.pll'3l.P21^4VIylIy2l,P3P1f) Tp p) W r) W r) W 

J3 — ibg ibg ibg ibg ibg ibg Up^r p^y^Up^r p^jj^Up^r p^ij,^Up^r p^y^ , 

T — /iMlA'a LA'3P4 LP3A«4 LP1P2 L!^lI^2^;^31'4 Q T? r) T? r) T? r) T? ( '^ P.\ 

14 — tbg tbg rbg fbg tbg fbg L/pi -^ ^i i^i Cpj -T ^jjyj Cpg -T ^3,^^ Cp^ ^ ^^j,^ . l^-UJ 

When dimensionally reducing, the gauge field Fmn sphts into Fp^ and Fpi = dpXi {Fij = 0). 
Thus, 

MN 



The inverse, h , becomes 



MN I h^'' -h^'^dxX^ 



V dxX'h^'^ 6'^ - dxX'h^PdpX'J y ' ^ ' ' 

where h^^" = i i^p^gx^dx ^'^'^- When Fp,^ = 0, /i^*^ reduces to the inverse of the induced 
metric, g'^". Furthermore, it is important to note that (when F is zero) h^^ = P^\ where P^^ 
is the projection operator defined below (|2.1| ). The dimensional reduction of Ji leads to 

h ^ -2h''g''''''g''"''g'''''[dp,d,,dp,X^ - {dp,d,,XkdxX'g^Wr,dp,X^ + {^pu) + (p.^))] 

X [dp,d,,dp,X, - {dp,d,,XkdxX^g^^dr,dp,Xj + (MP.) + [pup))] (2.9) 

which can be shown to be equal to —2D pVLipuD^Vt^^^ (where DVt is assumed to be projected 
onto the normal bundle). Similarly, the other Jj's reduce as follows 

h -^ 2Q,ppn\,njp-n^^p , 

J 3 > Z\Lipp\L \ljXu\l , 

h^ n,ppn\,n/^n^^\ (2.10) 

In total we get the action (we have set Tp = 1 and the ■ indicates contraction with 5ij) 



S = -Jd^+^x^ 



1 + ^{D^np, ■ D^'n^' + 2npp ■ n,, n^"^ ■ n>^'' 

- 2Qpp ■ Q^^ QP^" ■ or" - Qpx ■ Q^'' Q^^ ■ ^"0 (2.11) 



which is written solely in terms of the second fundamental form as expected. 

We would like to compare this action to the corrections obtained in [^ (see also [|l5l). In 
that paper it was argued that the terms involving the second fundamental form should take 
the form 

S=-J V^(l - ^^[iRT)pXpuiRTr'''"' - 2iRT)pARTr - iRN)pMjiRNr^'' + 2R,,R'^]^ 

(2.12) 



where, in a flat ten-dimensional background, we have the relations 

R'' = g^^^^g'^'^n^.^^ni,,,. (2.13) 

Plugging these results into ( |2.12| ) and dropping terms proportional to the lowest order equa- 
tion of motion, g^^Vt^ ^^ = 0, we get 

s = ~J d^+'xv/^[i - ^(fip,. ■ fi.. np^ ■ n'^" - n,^ ■ n^^" n^, ■ n^")] , (2.14) 



which at first sight differs from our result ( |2.11| ). However, it is possible to show that 



(when the background ten-dimensional space is fiat) the following relation holds (modulo 
field redefinitions and total derivatives)^] 

Dpilf,^ ■ DPn^"" = 2 fip^. ■ n^"^ ^A,, ■ fi'"' + ^p^, ■ ^r,5 ^^^ -VlP^ -2 Vtp^ ■ a^s fi^'' ■ n^"^ , (2.15) 



which is exactly what is needed for agreement between ( ^.111 ) and ( |2.14| ). We thus find 



agreement between our result and the result in 0. The result in was obtained by ex- 
trapolation from four-string scattering amplitudes, and thus the extension to all orders may 



not be unambiguous. In fact, it was recently noted [^ that the result in |y], at least at 
first sight, does have some ambiguities, but it was argued that such ambiguities should be 
absent. Our result confirms that the result in P is correct to all orders. The agreement 



between (p.ll|) and ( p. 141) is also indirect evidence for the correctness of the result (|2.2|) 



3 Derivative corrections to the Born-Infeld action and 
the Seiberg-Witten map 

In this section we will discuss the transformation properties of the derivative corrections 
to the D-brane action under the Seiberg-Witten (SW) map relating the ordinary and non- 
commutative versions of the D-brane effective action. 

As is well known, the SW map is such that the D-brane effective action is form invariant 
after transforming the gauge field, the metric and the string coupling constant in prescribed 
ways, replacing ordinary products with ^-products and ordinary derivatives with covariant 
derivatives. More precisely, the relations between the metrics and between the coupling 
constants are encoded in^: 

, +,, 9i^('p^±m\ (3.1, 



g + B G + t • 9s \det(s + B) 



•^We would like to thank Angelos Fotopoulos for discussions which were helpful in establishing this relation. 
^We have rescaled B by a factor of 2Tra'; B in the following formulae is really 2Tra'B. A similar comment 



holds for <& and 



The *-product is defined in the usual way as 

X{x) * Y{x) = e'™''''"^^^'x(x^)r(a;')Ui=,2=, = XY + nxa'O^'^d^XdsY + 0{a'^) , (3.2) 

and the covariant derivative is defined as DpX = dpX — 2^[^p * X — X * Ap]. There are 
various different possible choices for $ 0, [16|. Throughout this paper we will set $ = and 



work to first order in the non-commutativity parameter, 9, but to all orders in F. In the 



recent work [|14[ the transformation properties of the derivative corrections to the D-brane 
action in the superstring theory were discussed (both for the Born-Infeld and Wess-Zumino 
parts of the action) using the all order result for the SW map |jl3|, but working order by 



order in F. In that work the choice $ = —B was made. Our approach is complementary to 



the one in 14 



3.1 The zeroth-order terms 

Before proceeding to the derivative corrections, let us review the situation for the zeroth- 
order terms in the derivative expansion. 

The gauge field 

As already mentioned the SW map transforms the lagrangean written in terms of the 
non- commutative variables C{F,G,Gs, D,*) to the equivalent description in terms of the 
commutative variables and the lagrangean C{F + B, g, gs, d, ■). For simplicity we will expand 
all quantities in B and work to first order in B. As we will see later, from an algebraic point 
of view this is essentially equivalent to working to first order in 6. To first order in B the 
transformation of the gauge field is F = F + 6F, with 

SF^, = F^^B^'Fs. + A^B^'dsF^, . (3.3) 

The metric and the string coupling constant are unchanged at this order. Neglecting all 
derivatives acting on F implies that the *-products can be replaced by ordinary products in 
the action for the non-commutative theory. To the order we are working, the statement that 
C{F) and C{F + B) should be related by the SW map can be formulated as (modulo a total 



derivative) AC{F) = 0, where A = 5 — 6b, with 6 is as in (|3^ ) and 6b F = B. The equality 
of the non- commutative and ordinary actions can thus be formulated as an invariance of the 
action for the non-commutative theory under A. By a slight abuse of terminology, we will 
refer to A = 6 — 6b as the SW map. In what follows, we will drop the hats from the non- 
commutative variables. One can shown that invariance under the SW map of the lagrangean 
C{F) depending only of the gauge field strength, F, implies the differential equation 

+ -^F/Fs' - Ff^'C = . (3.4) 



6Fpy 6Frjs 

By going to the special Lorentz frame where F^^ is block-diagonal with blocks I ^ * ) it 
is easy to show that (up to a multiplicative constant) the general solution is the Born-Infeld 



lagrangean ydet(T+F). Thus, the SW map uniquely determines the Born-Infeld action as 
the only invariant action (if one neglects higher-derivative terms)0. 

The transverse scalars 

So far we have only discussed the dependence of the lagrangean on the gauge field. In 
dimensions less than ten, the D-brane action also depends on the transverse scalars. We 
denote the transverse scalars by X*, where i = p+1, . . . ,9. It is easy to derive the SW 
transformation AX* = 6X^ = —O^^ArjdsX^. The natural naive guess is that the lagrangean 
is a function oiQF^;^ and d^X'^dyXi. C = C{F, dX*dX). Requiring this action to be invariant 
under A leads to the equation: 

^^ ^^ -F/Fs" + F'^'-C - 2d,X'F^^sd''X,-^f-- . (3.5) 



6F^, 5F^s ' ' 'dr^XdsX 

It is easy to see that the expected result det{g + F + dXdX)~2 does not satisfy this relation. 
The reason for the discrepancy is that on the non-commutative side there can be commutator 
terms of the form -:^^[X\X^] = B^'^driX^dsX^ + 0{B'^), which lead to corrections to the 
map A and hence to the above equation (|3.5| ) . To see which terms are required we recall that 
T7| the terms needed for consistency of the non-abelian D-brane action with T-duality 



m 



were determined with the result 

S = -Tp /rfP+^eTr(detDdetQ)^ , (3.6) 



where the matrices D^i, and Q^i^ are given in [T^. We will only need the leading terms 
here: D^^ = (g + F)^^- ^d^X^[X\ X^d^X^ + . . . and det Q = 1 + . . .. Reinterpreting this 
action as an action for the non- commutative U(l) theory (i.e. replacing matrix products with 
^-products and then taking the gauge group to be U(l)) shows that the extra contribution 
coming from A Vdet D (more precisely from the part with the [X^X-'j commutator) is 
exactly what is needed to make the action invariant (to first order in B). Turning things 
around, one could have used the requirement of invariance under the SW map together 
with the known form of the action in the commutative limit to learn about "commutator" 
corrections in the non-commutative U(l) theory. These can be unambiguously lifted to 
corrections in the non- commutative U(X) theory if one assumes that the action only contains 
an overall trace (as is expected) and can then be translated into corrections in the non-abelian 
U{N) theory by taking the commutative limit. 

The fermions 

One may also study how the introduction of fermions affects the discussion. The fermions 
transform as A\Ef = S"^ = —O^^A^ds"^ under the SW map. The form of this transformation 
is fixed by the fact that the fermions in the U(l) commutative theory are invariant under 
gauge transformations. Let us assume that the action contains the usual kinetic term (for 

^Throughout this paper we will work in euclidian space. In the lorentzian case, the time direction should 
be treated more carefully. 

^We have rescaled the X^'s to make dX dimcnsionless. 



a fermion coupled to a gauge field) C^^^ = \E'7^Da\E'. Proceeding naively, one finds that 
A£(°) = -^O'^^Fr^s^-f^dx'^ + 9'^^Fr,x^-f^ds'^. Adding the most general term involving F^: 

aF^^'^F^.^^^Dx^ + bF^^F^'^^^xD,^ , (3.7) 

and choosing a = j, b = 1 implies that its variation cancels the variation of C^^^ (modulo 
F^ terms), however, it also gives an additional term: B'^^Fs'^'^'jridx'^, which seemingly can 
not be removed. The resolution of this puzzle can again be traced to a "non-abelian" 
effect. Recall that 7'*' is the pull-back to the world volume of T^^ , the ten-dimensional 
gamma matrix, i.e. 7a = OxYmT'^ . Now in the ordinary action we use the static gauge so 
dpY^^ = 6^ (we ignore the transverse scalars if present). In the non-commutative action 
we should replace the derivative appearing in the pull-back by the covariant derivative. Dp. 
This requirement was first obtained in the context of the non-abelian D-brane action in 



With this modification we find that 7a transforms as 7a -^ —B'^^Fr^x'fs, which gives rise to 
precisely the missing term required for invariance. 

More generally, one can assume a lagrangean of the form M^^" {F)'^'jiydu'^ . Requiring 
invariance under the SW map leads to the equation 

{Fp^B^'Fsx - Bpx)^Tr- + B^^F.sM''' + M^'^F.sB''' + \B^' F^sM^^^ = , (3.8) 



which is solved by (assuming that M^^ oc 5^'^ + ... for small F): M'^'^ oc Vdethh^^ . 
This can be shown by making a general ansatz of the form M^'^ = ^pgp{F){F'^)^" . By 
a suitable rescaling of the \l/'s, we find that the above terms arise form the expansion of 



<let{h^y + ^^(^pdy)^) to second order in \1/. We would like to compare this expression 

to the two-fermion part of the full (gauge-fixed) D-brane action |[TP|. In this action, the 
argument of the determinant is hp_y + ^7(^c)i,)\l/) + B^^ + ^7[^(9jy]\I'. It thus appears that it 
is the combination B^^ + ^7[^c};^]\l/ which should be identified with the B appearing in the 
SW map. One may also investigate invariance of the full gauge-fixed ^-symmetric action 
(which includes higher powers of the fermions), but we will not do so here. Note that the 
SW map does not mix terms with different numbers of fermions. To relate different orders 
in the expansion in powers of the fermions one needs to use another approach, such as for 
instance the one described in pO[] . 



3.2 Derivative corrections: general framework 

For the discussion of the derivative corrections it is convenient to introduce some further 



terminology (related discussions can be found in ||^, |TT|; in particular, some of the results 
below were also obtained in |^). 

We will call an expression T^i,...,^^. a covariant tensor under the SW map (or simply a 
tensor when no confusion is likely to arise) if it transforms as: 

J-lll...,fl2 *■ ■'^ IJ.1V '''5fl2,...,tJ.n + ■ ■ ■ + -t" flnV ''' /J-l ...fln-lS + ^Ty-t> Os 1 fj,j^ ^,,,^fj_„ ■ ['^ -^ ) 



Similarly, a contravariant tensor under the SW map is a quantity which transforms as 

Tensors with mixed index structure are defined in the usual way. It follows from a short 
calculation that any expression of the form —yhS^ where S* is a scalar (i.e. formed out of 
fully contracted tensors of the above form) is invariant under the SW map to first order. 
Moreover, the scalar S is invariant under the above transformations without the A^B'^^dj 
part. An example of a covariant tensor is DpF^y\ note that F^y itself is not a tensor, nor 
is DpDxF^i,. An example of a contravariant tensor is h^g . Indices can thus be raised using 
h^g (and lowered with its inverse, which is also a tensor since 5'^ is) without violating the 
tensor property, although we will not use this convention; all occurences of h^g are written 
explicitly. On the other hand h^J^ does not satisfy (|3.9|) and hence is not a tensor. It does 
however have a simple transformation rule 

Ah^^ = B"'' - B^^'^Fr^sh^X - B'^'^F^sh'^A + A^B'^^dsh"/ . (3.11) 

We will also need the transformation of DpDxF^j^: 

ADpDxFp, = B'^'ldpdxiFp^Fs.) + dp{Fxr,dsFp,) - Fp^dsdxFp,] + A^B'^'dsdpdxFp, . (3.12) 

Comparing the above formula to the related ones appearing in [^ (where the restriction to 
first order in B was not used), we see that after replacing B by —9 they become equal; thus, 
from an algebraic point of view restricting to small B is actually not a limitation. Using the 
above results one can show that although DpDxFpy is not a tensor, the following expression 
is: 

DpDxFp, - DpFxr^hfDsFp, - DpFp^hfDxFs, - DpF^r^hfDxFps • (3.13) 

This suggests the following definition of a covariant derivative acting on a covariant tensor 

L^p-L^i,...,^^ = J^pJ- ^ii,...,fj.^ — J-^p-^pirii^A ^S,...,pk — ■ ■ ■ — Upt p^ri'l'A -'Miv,/ifc • l3.i4j 

It is straightforward to check that this expression indeed transforms as a covariant tensor. 
Similarly, acting on a contravariant tensor 

P^^Mi,...,/., ^ jj^jp,,...,p, ^ h'^X'^DpFrjsT^-^'"' + ■■■ + h'^^^'DpFrisT'"''-''"' , (3.15) 

one obtains a mixed tensor. Notice that with this definition 'Dphg^ = 0. Computing the 
commutator of two "D's one finds (to zeroth order in the non-commutativity parameter) 

[Dp, Vx]V^ = -[dpFpr,hfdxFs.h'g' - (,p^x)]V^ + ^.F^a/^Y^t^m ■ (3-16) 

By comparing this expression to the usual result [Vp,Vx]Vfj, = —Wp^pxV^ + T'^ pxV^Vfj,, one 
can read off the Riemann tensor and the torsion: 

R\px = dpFp.hfdxFsXs'' - (P-A) , T\x = -h^J!d,Fpx . (3.17) 



There is an apparent contradiction since the torsion is not a tensor under the SW map; this 
is an artefact of taking the commutative hmit. Retaining the D's one gets an additional term 
on the right-hand side of the defining relation ( p.l6| ): [Dp, D\]Vp = — ^ro^t-^p-^' ^]- "^^^^ term 
compensates the unwanted part of the transformation of T'^pxV^V^. 

We will end this section with a few remarks. Above we used the "canonical" SW map. 
In general, field redefinitions will change the SW map. It is easy to see that a tensor will 
generically not remain a tensor after a field redefinition. The ambiguity of the SW map and 
the relation to field redefinitions was first pointed out in [^ (see also [0). The possibility 
of derivative corrections to the SW map will be discussed later on. 

3.3 Bosonic-string D-branes: two derivative corrections 

Before discussing the D-branes in the superstring theory we will briefly discuss the case 
of the two- derivative corrections to the action for a D-brane in the bosonic string theory. 
The two-derivative corrections involving four powers of the gauge field strength, F, were 
calculated several years ago 0. More, recently, an extension of this result to all orders in F 
was proposed using the partition function approach with a proper treatment of the tachyon 
[0, ^. We will now rederive the result in [|12| via a different more heuristic route. Up to 
field redefinitions the fourth-order expression for the two-derivative corrections is given by 
(to indicate the relative normalisation, we have also included the zeroth-order term) 



S 



^+^i'^'J3-SJ2-Ji), (3.18) 

4o7r 



where 

J^ = F.sF'^dpF^^d^F-''^ , J^ = Fp' Fs%Fp^d^F\ , J, = Ff"' Fs%Fp,d,F^'' . (3.19) 

With the assumption that the all-order result for the two-derivative corrections should be 
expressible in terms of h'^'^ and 5^F's only, a basis of all possible two-derivative terms (modulo 
field redefinitions and integrations by parts) is 

Xi = ^h^^hthfdpF,,dxFr,s^ 

X^ = ^/hh'X'hfhf^^F,p^sF,x, 

Xs = Vhh^s"h?hfdpFp,dxF,s, 

X4 = Vhh^Ahfhfd^Fr^pd^Fsx. (3.20) 

For completeness we note that 

X5 = Vhh>'/h''J'hfd,FspdxF,, , X, = Vhh'X'hfdpdxF,, , (3.21) 

can be related to the above basis elements via the identities (total derivatives as well as 
terms removable by field-redefinitions are treated as 0) 

= Vhh''/d,{h''s^dpFxu) = lX,-2X2 + X,, 

= dpiy/hh>'/hfdxF^,)=X6-2X2-X3 + 2X^-X5. (3.22) 
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The most general action consistent with the requirement that it reduces to ( p.l8| ) when 
restricting to the fourth-order terms is 

S=-J v^(l + w[4^4 + 7^3 - 2(3-7)^2]) , (3.23) 

where 7 is undetermined by our approach. To determine 7 one would need to use another 
approach, such as the /?- function method ||23|. The above result agrees with the more careful 
derivation given in |]12| . 

Before proceeding to discuss the transformation properties of the above action under the 
SW map, let us discuss the dimensional reduction of the above action. Using the methods 
of section ^ and retaining only the transverse scalars in the lower dimension we find 

X4 ^ 0. (3.24) 

We see that X3, but not X2, can be written in terms of the second fundamental form, fl^f^^- 
This seems to suggest that X2 should not appear in the action, which would imply 7 = 3. 
Furthermore, the numerical coefficient in front of the Q"^ term then agrees with the recent 
result 1^. We would also like to point out that only for 7 = 3 is it possible to write the 
action ( |3.23| ) in terms of /i''^ and Spx^u (p.3|) only. This can e.g. be accomplished by using 
X3 = 2hg hg Sp^uX and X4 = 2^a^a SpXpu- 

We now turn to the transformation properties of the above action under the SW map. 
From the general discussion about invariants presented earlier it is easy to see that there 
is only one two-derivative invariant that can be constructed, namely X3. Thus, the action 
(|3.23|) appears not to be invariant under the SW map. This was first observed in ^ for 
the fourth-order terms. A resolution was later proposed |10| which resolved the problem by 
modifying the SW map at order a' . We will now check if a similar procedure also works to 
all orders in the gauge field. First we note that 

AX4 = VhB^'^K^^hfd.F^pd.Fsx + Vhh^^B'^'hfdpF.pd.Fsx . (3.25) 

The first term can be canceled by adding the term -^\/Jih\ hg [F^p, Fsx] to the lagrangean of 
the non-commutative theory. Reinterpreting this correction as a correction to the non-abelian 
action: ^Tr(v^/iJ/i^-^[F^p, Fsx]) = ^Tt{Fi^[F^p, F/]) + . . ., one finds that the coefficient 
of the F^ term agrees with the known result |^5[ for the non-abelian action (after taking into 
account differences in conventions). Thus, the first term in (|3.25|) can be understood, but 
what about the second term? In order for a term of the form vhh'^Vpu to be removable by 
a modification of the SW map for the gauge field, Ap it is necessary that d[pVpu] = 0. The 
second term in ( p.25| ) corresponds to Vp„ = B'^^h^ dpFj^pdyFsx, which does not satisfy the 
requirement c?[pV^i/] = and thus can not be removed by modifying the SW map. We note 
that the leading order term Vpy = B'^^ S^^dpF^pd^Fsx does, however, satisfy the requirement 
d[pVpy] = and can thus be removed; this is the modification discussed in []TU| . We conclude 
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that if the action ( |3.23| ) is the correct extension to all orders in F then it appears not to be 



invariant under the SW map, even if one allows for modifications of the form discussed in 



[IC]. A possible resolution might be that the tachyon should have a non-trivial F-dependent 



transformation under the SW map. 

3.4 Superstring D-branes: four-derivative corrections 

We will now discuss the four-derivative corrections [Q to the parity-conserving part of the 
D9-brane action in type II superstring theory (cf. ( p.2|) ). However, before turning to the 
four-derivative corrections, let us discuss the two-derivative corrections. It is known that the 
two-derivative corrections to the action for the commutative theory vanish. In the action 
for the non-commutative theory there might be additional commutator terms of the form 
K^'''^^{F)[F^^, F^s]- The 0{B) part of such a commutator term could be canceled (assuming 
K^^y^^F) is a tensor) by the term 27^ a' h''^ K'"'''\F)DpFf,^DxF^s, but since such a term 
survives in the commutative limit it has to be absent. Thus one can argue that the absense 
of the two-derivative corrections in the commutative action implies the absense of "one- 
commutator" corrections in the non-commutative action. We have not really proven this 
statement here, since one would also need to show that the there are no commutator terms 
which transform into terms which are either total derivatives or can be removed by field 
redefinitions. 



Let us now turn to the four-derivative corrections to the D9-brane action ( |2.2|) . By 
inspection it is easy to see that the action is not related in any simple way to tensors under 
the SW map, cf. the discussion earlier in this paper. It turns out to be very involved to rewrite 
the action in terms of invariants by using integrations by parts etc. We will therefore only 
discuss a subset of the corrections here, namely the terms which vanish upon dimensional 
reduction when setting the gauge field in the lower dimension to zero. These terms were 
identified in section El where the action was also written in a form convenient for performing 



the dimensional reduction (|2.5|) , ( |2.6| ). It turns out that this way of writing the corrections 



is also the most convenient form to use when discussing the invar iance under the SW map. 



Using earlier results it is easy to see that the action ( p. 51) can be rewritten as 



where 



Tg J d'\ Vh[l- ^(/i - 2/2 + /3 + 4/4)] , (3.26) 



il — lig iig iLg iLg ui^p^i^p^^r ^^^^U(^p.^Up^^r ^^^^ , 

T — hP'^l^'''hP'^P'-*hP^P^hP''iP'''h'^^'^3t,>^2'^4 J--) rp D fT Jl TP H TP 

12 — ll'S "'S "'S "'S "'S "'S ^Pl■^tJ'll^l'^p2■^fJ■2l^2■^P3■'^^^J.3'^3■'^P4^^J.4^^4 1 

T _ UPiP-2UlJ.3P4Vpll^3Vp2l'4t^iyiU2l^P3p4p, p DP DP DP 

-'3 — ll'S "'S "'S "'S ""5 "'S ^ Pl^ Pl^l^ P2^ ^2^2^ P3^ P3V3^ P4^ P4V4 1 

li — lig rig tig tig tig fig i^p^r p^y^ijp^r ^^y^Ljp.^r p.^i,^Ljp^r p^y^. yo.z,i) 



We conclude that all the /j's are built out of tensors and thus the action ( |3.26| ) is manifesly 
invariant. To complete the proof of the invariance of the four-derivative corrections ( |2.2|) 
under the SW map, one has to show that the remaining terms can also be written in terms 
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of invariants or that their variation can be canceled by adding commutator terms to the 
action or that they can be removed by field redefinitions. We hope to return to this question 
elsewhere. 

We will end this section with a discussion of the various Riemann tensors and covariant 
derivatives that have appeared in this paper. Firstly, we have the Riemann tensor ( |3.17| ) as- 
sociated with the covariant derivative (|3.14| ), ( p.l5| ) and the SW map (p.9|), (|3.1CI| ). Secondly, 



we have the Riemann tensors ( p.l3| ) associated with the embedding of a lower-dimensional 
D-brane into ten-dimensional space. The tensors and invariants of these two classes appear 
to be related. For instance, the invariants under the SW map (cf. ( p.27|) ) descend into in- 
variants (cf. (|2.9|) , ( p.lO|) ) expressed in terms of the second fundamental form. Notice also 
the similarity between the two Riemann tensors (|2.13|) and ( p. 17] ). 

Yet another Riemann tensor also appeared above, namely the one ( |2.3| ) in terms of which 



the derivative corrections (2^) are expressed. This Riemann tensor is constructed from the 



non-symmetric metric /i^jy and has an associated covariant derivative. Dp, defined as (note 



the placement of the indices on F^ 



f^pj 



J-'pJ-^J.l,...,^lk o'p-'/ii,...,^fe -L fiip''-x,...,fik ■■■ '^ pfcp-'/ii,...,A ) [o.Zoj 

with T^pp = h^'^d^F^p. Computing the commutator of two covariant derivatives we get 
[D^,D^] = -S^^p^Vx + T^puDxV^, with S^^p^ = h^^Ssa^u, where Ssa^u is as in (U), and 
the torsion T^pi, is given by T^pu = h^^daFpy. Let us try to relate these results to the 
covariant derivative and Riemann tensor associated with the SW map. The connection 
associated to the covariant derivative appearing in ( p.9| ) is T^^p = h'^dpF^p. This expression 
involves h'^ rather than h^'^, but since h^'dpFfjp is a tensor we may always add such a 
term to the connection, which gives F^^p = h^'^dpFcrp. Comparing this connection to the 
one associated with SpXpi, we see that the two connections have the same symmetric part 
F'^(pp), but the antisymmetric parts (and the hence the torsions) are opposite in sign. The 
associated Riemann tensors are rather different since one has a d^F part ( p. 3D , whereas 
the other does not (adding the above tensor to the connection does not change this aspect 
of ( p.lTD ). The interplay and relations between the different Riemann tensors might merit 
further investigation. 

Let us also remark that the results obtained in the recent work [|T^], where the choice 
$ = —B was used, indicate that with this choice the natural framework in which to address 
the invariance of the derivative corrections is the one in which the corrections are written 
in terms of SpXup- The fact that for our choice of $ ($ = 0) another connection was more 
natural suggests that there might be some relation between the choice of connection and the 
choice of $. 

4 Speculations on higher-order corrections 

In this paper we have concentrated on four-derivative corrections. An interesting question is 
to what extent it is possible to obtain information about the corrections at higher orders in 
the derivative expansion. Explicit calculations become very involved, and are not a practical 
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option (at least for the Born-Infeld part; the calculations for the Wess-Zumino term are 
somewhat simpler and certain higher order corrections were determined in 0]). One possible 
approach would be to use the SW map and the methods discussed in section ^ to try to 
constrain the corrections. Unfortunately the number of possible invariants grows very quickly 
with the number of derivatives, and there is no simple method to fix the undetermined 
coefficients (see, however, ||1^ for a more promising approach). Because of these difficulties 
we will try another more speculative approach. Our starting point is the following relation: 

_T„ M -I- (^^"')^ _/,M4A«l7,M2M3/,P4Pl/,P2P3 C C _|_ IhPipl Up2p3 C C \ ^/T 

9 I "■" 96 '-' PlP2PlP2'~' p-iPiP'iPi ^ 2 '^PlP2'-'p3P4 J V It 

+0{a'') , (4.1) 

where we have used the definition (S^^p^)^^^^^^ := hP^^Sxp2^j.ifi2 ^^d tr denotes the ordinary 
trace over the p indices. We note that the right-hand side of the above relation is precisely 
equal to the expression for the four- derivative corrections in eq. ( p.2|) . The left-hand side of 
the above relation ( [4.1D is reminiscent of the expression for the derivative corrections to the 
Wess-Zumino term determined in [Q 

^wz = T, fexplY, ^tr(a'S)"]Ce^ , (4.2) 



n>2 



Pi 



P2 



where we have suppressed all wedge products and S is the matrix-valued two-form S 
^^hf^^Sxp^fi^^^.'^x^^ A da;^2. Notice that we have raised one index using W^^ compared to 
the definition used in [^] (this change allows us to use an ordinary trace (denoted by tr) 
instead of the construction used there). The first term in the sum in the exponent in ( [4.2|) , 
^^tr(a'S)^, becomes equal to the exponent in the expression on the left hand side of the 
equality ( [4.1|) if one makes the substitution tr(S A S) — > iii^p^^.pi^PAPzlTW' — 'W' — • There is 
a natural extension of this rule to all terms in ( |4.2| ) giving rise to the conjectured derivative 
corrections to the Born-Infeld part of the action: 

- Tg /d^^xexpij^ ^tr(aV^)1v^- (4-3) 

■^ n>2 

If this prescription would continue to hold beyond (9(a'^), one could use it to obtain derivative 
corrections to the Born-Infeld action from the corrections to the Wess-Zumino term (above 
we have only given the prescription for the known derivative corrections to the Wess-Zumino 
term). This would be a powerful tool, since the corrections to the Wess-Zumino term are 
easier to calculate. In the rest of this section we will investigate whether such a relation 
could be true. 

First of all, the prescription as we have stated it ([4.3|) is not precise. For instance, one has 



to decide how to order the ^'s vs. the S's when expanding the exponential. Another issue 
is that the expansion of the exponential terminates for the Wess-Zumino term since forms of 
degree higher than ten vanish identically, whereas, at least at first sight, this is not the case 
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for the expression arising after using the above replacement rule. Setting these ambiguities 
aside for the moment, is there any way one can hope to test the proposed relation? As 
pointed out above it is in general very involved to calculate derivative corrections directly. 
Fortunately there is, however, at least one class of corrections that are within reach, namely 
the corrections which involve only powers of terms of the form h^J^dp^ ■ ■ ■ dp^F^y for the Born- 
Infeld term and wedge products of two-forms of the form dp^- ■ ■ dp^F in the Wess-Zumino 
term. 

At this point we need to recall some terminology and formula from ^ . We will be brief; 
the interested reader may refer to @] and references therein for further details. The boundary 
state for a D9-brane in the presence of a general gauge field is [Q 

\B{F{X))) = e-2;^/^'^[^-^"^^W-i*''*''^'"'W]|S). (4.4) 

One can write this expression more compactly, by packaging X^ and \1'^ into the superfield 
(j)^ = X'^ + 6'$^ and introducing the super-covariant derivative D = Od^j — dg, as \B{F{X))) = 
e~2^^ J '^f^deDt/.'" y-i't>)\^j^Y j^ ig known ||2^ that the parity-conserving contribution to the effec- 



tive action is proportional to (in the absence of a i?^,^-field) S'bi = (0|-B(F(X)))ns; and that 
the parity- violating part of the effective action which couples linearly to the background RR 
form fields is obtained by calculating the overlap between the state \C) representing these 
fields and the boundary state (see e.g. '^\), i.e. S'wz = {C\B(F(X))-^. 

To study derivative corrections to the effective action one Taylor expands A^(0) around 
the zero mode of (j) (which we denote (/jq), i-e. one splits cj) ckS ^pq + (f): 



OO -. 



M<l>) = E ^^'^^ ■ ■ ■ ^'"^-^ ■ ■ ■ 9^r.A,{^o) (4.5) 

Using this result one finds 



n=0 



\fc-' nu(X) 



dad0D.0M^((/)) = / dad^ Y. TkhyM^^''^''^'^" " " " '^^'^^i " " " ^a.^m 

r ~ °° 1 ^ . 

- j da[2^>^ro + K^ol E k\^^' ■ ■ ■ ^"'^^^ ■ ■ ■ ^A.i^^.(x) (4.6) 



fc=0 



where we have used that in the NS sector tp^ = x^ whereas in the R sector lpq=x^ + Oi/jq 
(thus, in the NS sector the second term in (^]6|) is absent). 

After this brief digression we now return to the discussion of the restricted class of 
derivative corrections described above. Let us start by calculating the relevant corrections 
to the WZ term. To this end, we keep only the terms of the form X^ifj^t^Qd^Fpu in the 
expansion ( |4.6| ). This leads to the following contribution to the WZ term 

(C|e4;^^o'^o^'^'^^^=2M^^^-^'''=9pr-^p.^M'^|5(F))R. (4.7) 

Next we evaluate the zero-mode part using the result (here |0) denotes the vacuum state 
which is annihilated by all the annihilation oscillators) 

{C\{roroN,uf\B{F))^^CA{Q\{-2ta'Nf\B{F))^, (4.8) 
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to obtain 

C A (0|e^/^'^S^-2H^''"-^'''=^''i-^''^-^|5(F))R. (4.9) 

To proceed further one needs to calculate the various correlations functions of the form 
{0\X^\B{F))^^ which appear when expanding the exponential. These correlation functions 
can be expressed in terms of sums as in [^, however, it appears to be very difficult to 
calculate all contributions to ( |4.9| ) that way. We will circumvent this problem by applying the 
prescription directly to the expression ( |4.9| ). This means that one needs to check separately 
that the renormalization works in the same way for the two expressions. 

By applying the above suggested rule to convert the expression ( |4.9| ) into conjectured 
corrections to the Born-Infeld term, one finds 

- (0|e^^'^"^^=^^^"'"^"^''^^"^''''^'"^^|5(F))RV^. (4.10) 

Finally using the result j^^yh = —}^h^^yh we find 

- (0|e"3^-'''^'^^"=2H^''^--^'''='*r3pi-'9pfc^M-|5(ir))j^v^ + terms with other structures. (4.11) 

This conjectured expression should be compared to the one obtained by direct calculation. 
To determine the relevant corrections to the Born-Infeld part we need to consider the expres- 
sion (0|e-2^-''^'''^^^'^"^''('^)|5(F))Ns with the exponent expanded as in (U). We are only 
interested in the terms which have one internal contraction between Dcf) and a (j). For such 
terms we find 

^e{ta')ik + 2)h'Xr' ■ ■ ■ 0^^5a, ■ ■ • dx.F^u , (4.12) 

where in the last step we have used the Bianchi identity and the result [DiG^gJa^i = 
^9{ia')h'^/. Using this result together with ( |4.(j| ) we find 

(0|e-^/d.E?i.^x''--x''^/^r9pi-ap.^M.|5(F))j^g, (4.13) 



which is almost the same as ( [4.11|) , except that this expression does not have a factor of 



yh and involves the NS sector whereas ( 4.11 ) involves the R sector. However, since neither 



expression involves any explict fermions, the only difference will be in the overall {0\B{F)) 
factor. Using, {0\B{F))^, = Tp, whereas (0|i?(F))Ns = —Tpyh, we find agreement. One 
can argue that a renormalization of F: F -^ F + 5F gives rise to the same change in the 
Wess-Zumino and Born-Infeld terms. For instance, the leading term arises from 5e^ = 6Fe^ 
in the Wess-Zumino term whereas it arises from 5F^^j^\/h in the Born-Infeld term; these 
two changes are connected via the prescription. 



We have thus shown that the prescription (|4.3|) makes sense for an infinite class of terms 



A few comments are in order. For consistency one has to formally extend the sum arising 
from the Wess-Zumino term to run over all values. For the terms we considered it was 
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obvious how to do this; for more general corrections this might be ambgious. Furthermore, 
when expanding the exponential in ( [4.3|) all ^'s were brought to the right. Within the 
calculational scheme we have used the prescription appears to be natural. If another scheme 
is used to calculate derivative corrections integrations by parts might be needed to make the 
prescription work. 



J^{0\(d'Ff'\BiF)) ^ ^2t^{[d'Fd'F]'') = ±{[-d'Fd'F]') (4.14) 



^Md'FnOFr) -. ^'^{[d'FdFdF]'^) = Uind'FdFdF]') (4.15) 



Is it possible to gather further evidence in favor of ( ^4.3|) ? There is another class of 
corrections which are also amenable to analysis, namely terms which are built out of scalars 
involving four derivatives each. Writing the part of \B{F{X))) keeping only terms with at 
most two derivatives in ( [4.6|) schematically as exp[dF + d'^F]\B{F)) we find the following 
4A;-derivative corrections to the Born-Infeld term keeping only the relevant contractions (we 
use a very schematic notation; the details are not important) : 

.1 

where (■) is short hand for (0| ■ |i?)NS and the terms inside square brackets are assumed to 
have all indices contracted. Similarly, one finds 

.1 

'2 

and also M^F)'") -^ iM (#m([(^^)']') = UIU^FW- From these resuhs it follows that 
the corrections to the Born-Infeld term can be written —Tpy/hj^^L^)^, where L4 is equal to 
the four-derivative part of the action ( p^.2| ). Let us now turn to the Wess-Zumino term. It 
is clear that only the ({2) term contributes since all the other terms involve contractions 
between more than two c?"F's (this is also necessarily true for all the corrections that we 
have not determined as one can convince oneself by using the results in IQ). Applying the 
prescription we get -Tp^(^Q;'^tr(5')^)''(^)^''\//i = -Tp^{Li)''y/h + other terms. Here we 
have used the fact that there is only one way in which the ^'s can act to give terms of the 
required form. We thus find agreement also for this class of terms. 

Above we have gathered some evidence for the correctness of the prescription ( [4.3|) . There 
are of course other corrections to the Wess-Zumino term, which will modify or invalidate this 
prescription. For instance, there are also six-derivative four-form corrections to the Wess- 
Zumino term (the two- form six- derivative corrections can be removed by field redefinitions). 
Also, there might be additional corrections arising from the expansion of the form fields C 
as C(X) = C{x) + X^d^C{x) + . . .. Roughly speaking, it might be that all these additional 
contributions involve covariant derivatives of 5" and there might be a sense in which they 



can be neglected. A very non-trivial check of the "all order in S" proposal (O) would be 
to check that it is invariant under the SW map. Unfortunately, the method used in this 
paper makes this rather involved since several integrations by parts are needed to make the 



invariance manifest. The approach pursued in |I^ looks more promising, but there is of 



course no guarantee that the restriction to only the corrections ( [4.2| ) leads to corrections to 
the Born-Infeld action that are invariant by themselves. Finally, as an example we will write 
down explicity the form of the six-derivative corrections that arise from the prescription: 

-Tp f d^^xVha'^^ |/^M2/^3/jM4M5/^A'6Ml + /^M2/^5/^M6M3/jM4Ml ^ 1 /^M5M6 /^/^4Ml /j/.2M3 
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(4.16) 

A first check of tliese terms would be to clieck tliat tliey vanisli in tlie Seiberg-Witten limit 



^ UP2P3l,P4P2l,p6Pl c q q 

^ "' "- "' ^PlP2MlA«2^P3P4M3A«4^P5P6/i5M6 



used in WM^ as this is required for consistency with the approach used there. 
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